Introduction
Adaptive geometry, shape control, and precision actuation are among the key desirable performances of next-generation smart structures and structronic systems. Conventional smart materials used in structronic systems include piezoelectrics, electrostrictors, magnetostrictors, electro-and magneto-rheological fluids, shapememory materials, polyelectrolyte polymers, photostrictive materials, etc. A structronic ͑structure+ electronics͒ shell is referring to a shell continuum made of electro-active functional ͑or smart͒ materials with inherent sensing, actuation and control capability ͓1͔. Thus, a structronic shell is an active and adaptive system whose static and dynamic characteristics can be actively tuned and controlled to meet its performance requirement as uncertain circumstances occur. Piezoelectric shells, continua, and distributed systems have been investigated for years and their theories and mathematical models are relatively well established ͓2-6͔. Electrostrictive effects in ferroelectric material were first observed in early 50s ͓7͔. Electrostrictive shells were initially evaluated and mathematical models were established ͓8͔. Unlike the linear dependence of piezoelectric materials, the induced strain in electrostrictive material is a quadratic function of applied electric field. The low hysteresis and the high induced actuation authority of electrostrictive actuators would potentially contribute a breakthrough in actuation and control applications ͓9-18͔. However, there are certain ferroelectric materials, e.g., barium titanate ͑BaTiO 3 ͒, possessing dual electrostrictive and piezoelectric characteristics depending on the Curie temperature ͓17͔. This study is to evaluate micro-structronics, structure-electronic ͑structronic͒ coupling and control characteristics of hybrid electrostrictive/ piezoelectric thin shells.
To utilize electrostrictive/piezoelectric materials in advanced shell-type engineering structures and precision systems, a comprehensive coupled electrostrictive/piezoelectric/dynamics/control theory and hybrid mathematical models encompassing elasticity, piezoelectricity, quadratic electrostriction, static/dynamic characteristics of electrostrictive/piezoelectric shell continua are needed to accurately predict their fundamental electrostrictive/ piezoelectric/dynamic and precision control characteristics. Accordingly, this study focuses on developing a generic mathematical model and coupled dynamic structronic electrostriction/ piezoelectricity governing equations of hybrid electrostrictive/ piezoelectric thin shells. Applications of the generic electrostrictive/piezoelectric shell theory and governing equations to other standard shells ͑e.g., cones, paraboloids, toroidal shells, etc.͒ are demonstrated in case studies.
Fundamental Electromechanics
As discussed previously, certain ferroelectric materials exhibit piezoelectric in the ferroelectric phase when the temperature is below the Curie point and they become electrostrictive in the paraelectric phase ͑nonpolar phase͒ as the temperature exceeds the Curie point. The actuation of electrostrictive materials depends on electrostriction induced strain proportional to the square of electric field ͓15,17,19͔. The converse piezoelectric effect is, however, a linear electromechanical effect that the strain or stress is directly proportional to the applied electric field. Figure 1 shows a doublecurvature hybrid electrostrictive/piezoelectric thin shell with generic mechanical and electric excitations.
The constitutive electromechanical equations, coupled with the Curie temperature c , of electrostrictive/piezoelectric effects based on Gibb's free energy function are ͓20-22͔
where S ij is the second-order strain tensor; s ijkl E is the fourth-order elastic compliance tensor evaluated at constant electric field; T kl and T ij are the second-order stress tensors; d mij is the third-order piezoelectric strain tensor; m ijmn is the fourth-order electrostriction strain tensor; E m , E n , E o , E p , E q , and E r are components of applied electric fields; u mijkl and r ijmnkl are the fifth and sixth-order elastostriction tensors; u s ͑ − c ͒ is a unit step function defined by the temperature and the Curie temperature c , i.e., u s ͑ − c ͒ = 1 when ജ c and u s ͑ − c ͒ = 0 when Ͻ c . ͑Although the actual transition is not a clear-cut like a step function, this expression is to separate two distinct effects.͒ D m is the electric displacement; mn is the dielectric permittivity; mno , mnop , mnopq , and mnopqr are the third to sixth-order permittivity tensors. Assume that the electric displacement holds the linear relationship and the elastostriction terms are neglected when the applied electric field is small. The original constitutive equations can be reduced to
This set of equations constitutes the fundamental coupled piezoelectric and electrostrictive effects. However, a material does not posses both piezoelectric and electrostrictive phenomena at a given temperature. If the material is defined to be electrostrictive, the constitutive equations are simplified by removing all odd-rank tensors, e.g., Eqs. ͑1͒-͑4͒, since electrostrictive materials are centrosymmetric. On the other hand, for a piezoelectric material, all terms strictly related to the electrostrictive effect need to be removed. The simplified Eqs. ͑3͒ and ͑4͒ still preserve both electrostrictive and piezoelectric characteristics and serve as fundamentals of the coupled electromechanical system equations developed later, which can be simplified according to specified material properties and geometries. Furthermore, the strain expression in Eq. ͑3͒ can be converted to a stress expression T ij as
where c ijkl E is the elasticity tensor evaluated at constant electric field; e ·ijm· is the piezoelectric stress tensor; E ·m· and E ·n· are the applied electric fields; e e vijmn is the electrostrictive stress tensor and e e v ijmn =c ijkl E m klmn ͑i, j, k, l, m and n = 1…3͒. Equations ͑3͒ and ͑5͒ encompass the electrostrictive effect, the converse piezoelectric effect and the elastic properties of an electrostrictive/ piezoelectric material. Equation ͑4͒ encompasses the second converse electrostrictive effect and the direct piezoelectric effect. Note that although the Curie temperature c separates the electrostrictive and piezoelectric states, the step function u s ͑ − c ͒ triggering the change is not explicitly written in following "step-bystep" derivations, for simplicity, and it is added to final electrostrictive/piezoelectric coupled system equations and boundary conditions. Assume that the electrostrictive/piezoelectric shell is exposed to a displacement field and an electric field and its electrostrictive/ piezoelectric state is determined by the Curie temperature. The minimum potential energy functional can be directly established from the virtual work principle ͓23͔. Thus, the energy functionals resulting from the electrostrictive effect, the converse piezoelectric effect, the converse electrostrictive effect and the direct piezoelectric effect are, respectively, written as
F u ͑u͒ and F ͑͒ are, respectively, the energy functional for the displacement and electric fields of hybrid electrostrictive/ piezoelectric materials; t ij is the surface traction force tensors; U j is the displacement vector; is the velocity vector; is the mass density; is the electric potential, Q j ͑in italic͒ is the electric surface traction force vector; V is the volume of the hybrid electrostrictive/piezoelectric shell continuum; and S ͑in italic͒ is the boundary surface specified by the surface traction forces t ij and the electric surface traction forces Q j . For generality, the material is defined to be triclinic ͓20͔. Thus, the elasticity tensor c ijkl E has 21 independent constants, piezoelectric stress tensor e mij has 18 independent constants and electrostrictive strain tensor m ijmn has 36 independent constants. Utilizing the material properties, the first part of the displacement function, i.e., the enthalpy H, can be written as 56 , and six additional diagonal constants c ii , i = 1-6. Indices i and j of piezoelectric stress tensor e mij are interchangeable due to symmetry of stresses and strains. The last two indices can be replaced by one value from 1 to 6, and index m from 1 to 3. Thus, the total number of piezoelectric constants is 18. And for electrostrictive stress tensor e e v ijmn , e e v ijmn =c ijkl E m klmn ͑i, j, k, l, m and n = 1…3͒.
Moreover, the mechanical stress is T ij Ј =c ijmn E S mn , the electrostrictive-strain is E e v ij Ј =e e v ijmn E m E n and the piezoelectric field is E ij Ј =e mij E m . ͑See the Appendix for details.͒ Since the dominating actuation signal is the transverse electric field E 3 ͑i.e., Transactions of the ASME the in-plane electric fields E 1 and E 2 are neglected͒, the field E 3 and potential relationship in a curvilinear coordinate system is defined as E 3 ‫ץ−=‬ / ‫␣ץ‬ 3 ͓24͔. Neglecting the external charge Q j in the electric field functional and simplifying yields
͑9͒
Detailed definitions of the modified electric displacement D 3 Ј ͑i.e., D 3 Ј=͚ i=1 3 i3 E i , i = 1,2,3͒, the "electrostrictive" stress D 3 Љ, and the "piezoelectric" strains S 3
Ј are summarized in the Appendix. F ͑͒ is the function of electric potential, i.e., E 3 ‫ץ−=‬ / ‫␣ץ‬ 3 . The strain expressions of a thin shell are needed since F u ͑u͒ is the function of displacement; The transverse shear strains ͑i.e., S 13 and S 23 ͒ and normal strain S 33 are neglected for an electrostrictive/ piezoelectric thin shell. The strain expressions and force/moment definitions for a thin electrostrictive/piezoelectric shell are presented next.
Strains and Forces
For a hybrid thin electrostrictive/piezoelectric shell, the transverse displacement u 3 is independent of ␣ 3 and in-plane displacements u 1 and u 2 vary linearly through the shell thickness, i.e., the Kirchhoff-Love thin shell assumptions. Also, assume that the transverse normal and shear strains can be neglected. o is the membrane shear strain. The membrane strains are related to shell displacements u i , i = 1,2,3.
where A 1 and A 2 are the Lamé parameters; R 1 and R 2 are the radii of curvature; u 1 , u 2 , and u 3 are the displacements, respectively, in the 1,2, and 3 directions. The bending strains are
k 11 and k 22 are the bending normal strains in the ␣ 1 and ␣ 2 direction; k 12 is the in-plane bending shear strain; and ␤ 1 and ␤ 2 are the rotational angles and ␤ 1 =u 1 /R 1 + ͑1/A 1 ͒͑‫ץ‬u 3 / ‫␣ץ‬ 1 ͒ and ␤ 2 =u 2 /R 2 + ͑1/A 2 ͒͑‫ץ‬u 3 / ‫␣ץ‬ 2 ͒, assuming the shell is thin and ␣ 3 /R 1 Ӷ 1 and ␣ 3 /R 2 Ӷ 1. Accordingly, detailed strain expressions of the electrostrictive/piezoelectric thin shell can be used in the energy functionals defined previously. Furthermore, the strains multiplied by modulus of elasticity gives the stresses which are further integrated over the shell thickness and thus mechanical membrane forces, bending moments and transverse shear actions are, respectively, defined.
͑29͒
Electrical membrane forces, electrical bending moments and electrical transverse shear actions induced by the piezoelectric effect in the hybrid shell continuum are
͑32͒
M 11 e = ͵ Ј ␣ 3 d␣ 3 ,
͑43͒
Q 13
Ј ␣ 3 d␣ 3 ,
͑44͒
Q 23
Ј ␣ 3 d␣ 3 .
͑45͒
Note that these forces possess quadratic dependence on the electric fields. Furthermore, applying Hamilton's principle and taking variations of two energy functionals F u ͑u͒ and F ͑͒ with respect to individual variables u and yields the quasi-static condition and governing electrostrictive/piezoelectric equations of the hybrid electrostrictive/piezoelectric thin shell continuum presented next.
Hamilton's Principle
Energy-based Hamilton's principle is utilized to derive the dynamic and structure/electronic ͑structronic͒ electrostrictive/ piezoelectric shell equations. Combining the displacement and electric-field energy functionals in Hamilton's equation gives
͑46͒
where the enthalpy H = 1 2 c ijkl E S ij S kl −e mij E m S ij −e e vijmn E m E n S ij ; t 0 and t 1 are arbitrary time instants, except at t = t 0 and t = t 1 all variants are equal to zero; and ␦ denotes the variational operation.
Note that all variational displacements are arbitrary. Each of the four major energy variations in Hamilton's equation are explicitly defined next. Assume the enthalpy H represents the total strain energy stored in the electrostrictive/piezoelectric shell element induced by the electrostrictive effect, the converse piezoelectric effect and the elastic properties of electrostrictive/piezoelectric shell continuum. ͑Note that only a transverse electric field is considered in actuation applications.͒ H = 
͑47͒
Taking variations of the total strain energy in Eq. ͑47͒ with respect to all mechanical strains S ij and summing all terms in the enthalpy equation yields
͕T 
͑48͒
Considering linear variations of in-plane displacements and neglecting rotational inertias in thin shell assumptions, one can write the kinetic energy induced by the inertias as 
͑52͒
Again, only the transverse electric field is considered. Substituting all detailed energies associated with stress/strain expressions, membrane forces, moments, transverse shear forces, coupled mechanical/electrostrictive/piezoelectric effects, kinetic energy, work done by boundary forces, etc. yields a complete variational equation: 
͑53͒
Utilizing variations of potential energy, kinetic energy, work done by boundary forces, electrostrictive/piezoelectric energies and external charge energy, etc., Hamilton's principle can only be satisfied if each of the integrals is equal to zero. Moreover, since the variational displacements and the electric potentials are arbitrary, each integral equation can only be satisfied if the coefficients of the variational displacements and electric potentials are equal to zero. Thus, the dynamic electromechanical system equations and the boundary conditions of the hybrid electrostrictive/piezoelectric thin shell continuum can be derived.
Coupled Dynamic Electrostrictive/Piezoelectric Equations and Boundary Conditions
As discussed previously, the variations are arbitrary and each integral equation can only be satisfied if coefficients of the variational displacements are zero. Thus, based on the procedures described previously, electromechanical equations and boundary conditions of the electrostrictive/piezoelectric thin shell continuum can be derived when each of the double and triple parts are equal to zero individually. The structronic system equations describing the coupling of electrostriction/piezoelectric and dynamic motions in the three directions of the hybrid shell continuum are where u s ϵ u s ͑ − c ͒ denoting the transition Curie temperature which triggers either the electrostrictive state or the piezoelectric state of a given shell continuum. ͑Recall that this transition term was neglected in those detailed steps, for simplicity.͒ The three coupling equations, respectively, define the motions and electrodynamic coupling of the electrostrictive/piezoelectric shell continuum in the ␣ 1 , ␣ 2 , and ␣ 3 directions. The coupling between the elasticity term ͑with a superscript m͒, the electrostrictive term ͑with an e v ͒ and the piezoelectric term ͑with an e͒ is evident in all three equations. This set of equations can be used for distributed shell-type actuators and structures, including cylinders, plates, beams, arches, etc. ͓24͔. Note that although the structronic coupled equations look similar to conventional elastic shell equations, the electrostriction/ elasticity coupling in force/moment/charge/field definitions makes them totally different from those of conventional elastic shells. Also, the electrostrictive and piezoelectric states are triggered by the Curie temperature. In addition, based on boundary force/ charge energies in Hamilton's equation, the variations can only be satisfied if either the virtual displacement vanishes or coefficients of the virtual displacements vanish. Thus, the simplified boundary force expressions, without the Curie temperature u s ͑ − c ͒ notation, are 
͑62͒
Where the superscript "*" denotes the boundary forces or bending moments, Fig. 2 . Accordingly, the mechanical boundary conditions, respectively, on the boundary surfaces in the ␣ 2 , Eqs. ͑63͒-͑66͒, and ␣ 1 , Eqs. 
͑70͒
Where the first kind and the second kind Kirchhoff effective shear stress resultants are 
͑72͒
This charge equation of electrostatics can be used for shell-type sensor designs. Thus, complete coupled electrostriction/ piezoelectric and dynamic motion equations of a hybrid electrostrictive/piezoelectric structronic thin shell are derived. Applications of the coupled dynamic electrostrictive and piezoelectric shell theory to other common electrostrictive/piezoelectric structronic shells are demonstrated next.
Case Studies
Application of the generic hybrid electrostrictive/piezoelectric structronic thin shell theory to other common geometries, e.g., beams, arches, plates, rings, cylindrical shells, spherical shells, etc., depends on four geometric parameters, i.e., two Lamé parameters and two radii of curvature of these geometries. To demonstrate the procedures, the electrostrictive/piezoelectric coupled dynamic equations of a hybrid conical thin shell and a hybrid tordial thin shell are derived. The resulting system equations are piezoelectric if ͑ Ͻ c ͒ ͓24͔ and electrostrictive if ͑ Ͼ c ͒. Based on derived coupling equations, electrostrictive/piezoelectric dynamic coupling, structure-electronic ͑structronic͒ behavior, precision actuation and control of these advanced electrostrictive shells can be further studied.
Case 1: Electrostrictive/Piezoelectric Conical Thin Shells. A hybrid electrostrictive/piezoelectric conical shell is illustrated in Fig. 3 , in which ␣ 1 = x and ␣ 2 = . Observing the conical shell geometry suggests that the radii of two principal axes are R 1 =R x = ϱ and R 2 =R = x tan ␤ * where ␤ * is one-half of the apex angle. A fundamental form of the conical thin shell is ͑ds͒ 2 = ͑dx͒ 2 +x 2 sin 2 ␤ * ͑d͒ 2 ͓24,25͔. Thus, the Lamé parameters of the electrostrictive/piezoelectric conical shell are A 1 = 1 and A 2 = x sin ␤ * . Substituting the two radii and two Lamé parameters into the generic electrostrictive/ piezoelectric thin shell equations and other related equations gives the governing dynamic electrostriction/piezoelectric/mechanical structronic equations of the hybrid electrostrictive/piezoelectric conical thin shell.
͑75͒
where the transverse shear effects Q x3 m and Q 3 m of the conical shell are defined by 
The coupling between the elasticity term ͑denoted with a superscript m͒, the electrostrictive term ͑with a superscript e v ͒, and the piezoelectric term ͑with a superscript e͒, triggered by the Curie temperature, is evident in all three equations. The charge equation of electrostatics of the electrostrictive/piezoelectric conical shell is ‫ץ͑‬ / ‫␣ץ‬ 3 ͓͓͒D 3
Case 2: Electrostrictive/Piezoelectric Toroidal Shell. A hybrid electrostrictive/piezoelectric toroidal shell is illustrates in Fig.  4 , in which ␣ 1 = defines the meridional direction, ␣ 2 = defines the circumferential direction, R denotes the circumferential radius, r denotes the meridional radius, and u , u , and u 3 respectively denote the displacements in the three coordinate axes. The radii of curvature R 1 =r, R 2 =r / ␥ cos͑͒ where = − . The Lamé parameters of toroidal shells are A 1 = r and A 2 =r where = ͓1 + ␥ cos͑ − ͔͒ and ␥ =r/R ͓26͔.
Based on the two radii and two Lamé parameters, coupled electrostrictive/piezoelectric/mechanical structronic governing equations can be derived as Ј͑1−u s ͒ +2D 3 Љ·u s ͔r 2 ͔ = 0. Accordingly, electromechanical coupling and control characteristics of these shells can be further evaluated.
Summary and Conclusion
There are certain ferroelectric materials possessing dual electrostrictive and piezoelectric characteristics determined by their specific Curie temperatures. These materials exhibit piezoelectric in the ferroelectric phase when the temperature is below the Curie point; they become electrostrictive in the paraelectric phase ͑non-polar phase͒ as the temperature is above the Curie point. This study is to define a generic hybrid mathematical model with structure-electronic ͑structronic͒ coupling and to formulate dynamic electrostrictive and piezoelectric system equations and boundary conditions of a hybrid electrostrictive/piezoelectric thin shell continuum.
Fundamental constitutive relations of a coupled electrostrictive/ piezoelectric continuum were presented first, followed by force/ moment definitions resulting from coupled electrostrictive/ piezoelectric stress-strain relations and stress-force relations. Electrostrictive and piezoelectric dynamic system equations and Transactions of the ASME
